An invariant of free central extensions  by Rosset, Shmuel
Journal of Pure and Applied Algebra 48 (1987) 301-315 
North-Holland 
301 
AN INVARIANT OF FREE CENTRAL EXTENSIONS 
Shmuel ROSSET 
Mathematics Department, Tel-Aviv University, Ramat-Aviv, 69978 Israel 
Communicated by H. Bass 
Received 14 May 1986 
In memory of my father Israel Rosset 
If G is a free abelian finitely generated group, the ‘most-general’ 2-cocycle on G with trivial 
action is the map G X G AA2G, defined as follows. Let e,, . . . , e, be a basis of G and f the 
bilinear map satisfying f(e,, ej) = ei A ej if i < j and =O if i 2 j. We show that K”G has global 
dimension 1 where K is the field of fractions of the group ring C[A”G] and a E H’(G, K*) is 
represented by the map above. More generally for every finitely generated group we define an 
invariant t(G) and gl.dim(K”G) = 1 is equivalent to t(G) = 1 for G free abelian. We also show 
thatifG,,..., G, are non-commutative free groups, then t(G, x . - . x G,) = n. In general, if 
G is not a torsion group, 15 t(G) ~cd,(G). 
0. Introduction 
A presentation of a group G is a surjective homomorphism 7~ : F-+ G where F 
is a free group. To a presentation can be associated a central extension with 
torsion free kernel as follows. Let R = ker( n) (the subgroup of ‘relations’). The 
extension 
where the map FI[F, R]+ G is that induced by 7~, is obviously central. (Notation: 
[x, y] = zcy?y-’ and [A, B] = subgroup generated by the set {[a, b]: a E A, b E 
I?}.) Since RI[F, R] is central its torsion, Y, is a normal subgroup of Fl [F, R] and 
we divide it out. Let Rl[ F, R] /iiT = A. It is a central torsion free subgroup of 
r = Fl [F, R] /T. The extension 
is what we call the associated free (torsion free) central extension (of G). 
As an example suppose G is free abelian of rank m. Then, taking F to be free 
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on m generators, A is free on $m(m - 1) generators and can be identified with 
G A G (see Section 4). 
Although there is nothing canonical about presentations and their associated 
central extensions one knows that very interesting invariants, H2(G, Z) not the 
least, can be extracted from a presentation. In this paper we exhibit a numerical 
invariant of G which is defined by the associated free torsion free central 
extension of G, and show by some examples that it is not a trivial invariant. 
If C is the complex field, the group ring C3r contains CA as a central subring. 
Furthermore, as A is torsion free, the non-zero elements of CA do not divide 
zero in Cr. Let S = @A - (0). We denote by S-l@T the (central) localization of 
UX’ in which the elements of S are inverted. 
Theorem 0.1. If G is a finitely generated group, the global dimension of the ring 
S-‘C=T is ind ependent of the presentation, i.e. is an invariant of G. 
We denote this number by t(G). It is always bounded above by cd,(G), see 
Section 2. On the other hand, if G is not a torsion group, t(G) L 1. 
Theorem 0.2. If G is a finitely generated free abelian group, then t(G) = 1. 
Thus it is possible that t(G) < cd,(G). 
Theorem 0.2 is trivial if rank(G) = 1 and was proved by Shamsuddin [9] if 
rank(G) = 2. Our proof of the general case follows Roos’ method [5] where he 
showed that the global dimension of the Weyl algebra A, is n. This is done in 
Section 4. 
On the other hand in Section 3 we prove 
Theorem 0.3. If G = G, x . . . x G, where the G,‘s are finitely generated free 
non-abelian groups, then E(G) = cd(G) = n. 
Thus the inequality 15: t(G) 5 cd,(G) is ‘best possible’ in general. 
To prove Theorem 0.1 we observe that S-‘CT can be viewed as a crossed 
product K”G where K = S-l(@A) and cy is obtained from the extension 
l-+ A -+ T+ G+ 1. We show that if one changes a free presentation F+ G + 1 
by adding to F a new generator which goes to 1 in G, then l-+ A + r-+ G+ 1 
becomes 
so that the field K becomes K(x) where x is an indeterminate. Thus one is 
reduced to proving that gl.dim(K”G) = gl.dim(K(x)“G) and this is done in 
Section 2. 
Let G be a group. An extension of G, in this paper, is always assumed to have 
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an abelian kernel. Let p be one: 
The action of G on A (which is trivial in the central case) plus the class of 
extensions in H’(G, A), which we denote by p, completely determine it. If H is a 
subgroup of G, we say that the extension splits over H if there exists a morphism 
cp:H-+rwith nop=idH. This is equivalent to saying that resg( p) = 0. 
Let now F-+ G be a presentation and 
&:l-+A-+r-+G-+l 
its associated torsion free central extension. In Section 1 we prove 
Proposition 0.4. The set of subgroups of G over which CY splits, S,(G), is 
independent of the presentation, i.e. it is an invariant of G. 
Thus we can denote this set by S(G). All our estimates from below of t(G) are 
based on the principle that 
t(G) 2 sup{cd,(H): H E S(G)} . 
1. Tietze transformations and a generalization 
A based presentation for a group G is a presentation 7~ : F+- G and a set of 
elements of R = ker(rcr), called ‘defining relations’, which generate R as a normal 
subgroup. A based presentation is finite if F is finitely generated and the number 
of defining relations is finite. Two based presentations (F, { ri} i,I), (F’, { rJ}jEJ) 
are isomorphic if there is an isomorphism F+ F’ sending ri + r,ltiJ where A : I-, J 
is a bijection. A Tietze transformation for (F, {ri}) is either 
(Tl) add a relation r E R to the set of defining relations or 
(T2) add a new generator x to F and a defining relation x = w where w E F. 
Tietze’s theorem, see [4, p.891, is that given two finite based presentations of 
the same group, there are finitely many Tietze transformations which render them 
isomorphic. We are interested in the effect of these transformations on Fl[ F, R]. 
It is obvious that (Tl) does not change it. 
Lemma 1.1. Let (F, {ri}) b e a based presentation of G and (F’, (ri) U (x- ’ w> > a 
presentation obtained from it by a type (T2) transformation. Let r = Fl[ F, R], 
r’ = F’l [F’, R’]. Then q : r’ + r x Z by an isomorphism cp that commutes with 
the projection onto G, i.e. if n is the projection r--+ G, IT’ the projection r’-+ G 
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and p : r x ii?.+ T’projection on the first factor, then T’ = 7c 0 p 0 9. A similar result 
holds after dividing out the torsion in ker( n) and ker(7r ‘). 
Note that the lemma implies that Torsion (r) is an invariant of G. 
Proof. Let y = x -lw. There is a retraction h : F’ + F which is the identity on F 
and sends y to 1. Note that both the inclusion F 4 F’ and h are maps ‘over G’. To 
show that the inclusion induces an injection of r onto r’ we need to show that 
[F’, R’] 17 F = [F, R]. Let z E [F’, R’] n F; as z E F, h(z) = z. On the other hand 
z E [F’, R’] implies that h(z) E [F, R], so z E [F, R]. Since F and y generate F’, 
their images r and 7 generate r’ and as y E R’, r is central in r’. It remains to 
show that, identifying r with its image in r’, no non-zero power of j lies in r. It is 
clear that there exists a morphism $ : F’ -+ Z x G uniquely defined by 
(i) on F it is the projection to G, 
(ii) it sends y to a generator of Z., i.e. to (1,l) EZ X G. 
We claim [F’, R’] C ker(lC/). If u E F’, w E R’, then w is a product, in some 
order, of conjugates of y and elements of R; thus e(w) = (m, 1) for some integer 
m. Clearly this corn-mutes with $(u), so +( [ u, WI)_= [+(u), $(y)] = 1. Thus $ 
defines a morphism $ : r’ --+z X G. If jJPEr, then +(v’> lies in $(r)= (0) x G; 
since $(,V”) = (e, l), we see that e = 0, which completes the proof. ??
It is easily checked that the isomorphism r’ = r x Z just described. ‘takes the 
torsion of ker(T) onto the torsion of ker( 7~‘); this justifies the last statement in 
the lemma. 
Strebel has suggested the following extension of Lemma 1.1. Let 7r : F+ G + 1 
be a free presentation of G, L a free group and Y : L --+ G a homomorphism. Then 
there is a unique morphism (T, V) : F * L -+ G which restricts to 7~ on F and to v 
on L. We want to compare the central extensions associated with 7~ and (7~, v). 
Lemma 1.2 (Strebel). With the above notation let R = ker( 7r), R” = ker(n, v), then 
F*L/[F*L, R]= F/[F, R] X {f ree abelian group}, the isomorphism being over 
G. More precisely, if 1 * A + r+= G + 1 is the central extension associated with 
T, then the central extension associated with (T, v) is 
where d = rank(l). 0 
The proof of Lemma 1.2 is much like that of Lemma 1.1 and is omitted. 
Proof of Proposition 0.4. Given two presentations we must show that they 
determine the same set S(G). Now, using Strebel’s idea, any two can be 
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compared with a third: their product; i.e. if 7r : F+ G, i; : F+ G are presenta- 





then by Lemma 1.2 S,(G) = S,(G) and S,(G) = s,(G). SO S,(G) = S,(G). Cl 
2. Crossed products 
Let K be a field and G a group acting on it via a homomorphism 
t: G-+ Aut(K). This endows K” with a G-module structure, and if a E 
H’( G, K*), one constructs the crossed product K:(G) as usual (see [l]). It is the 
direct sum u (+EG Ku, where multiplication is defined by the rule xu, - yu, = 
X4Y)f(~, +$, (x7 Y E K; (T, r E G) where f is a cocycle representing (x. In this 
paper we mostly need ‘central’ crossed products, i.e. those with trivial action 
(Im(0 = 0)) an we denote them by K”G, dropping the trivial t. Similarly a d 
crossed product in which a! is trivial (i.e. =0) is denoted by K,G. 
A major source of crossed products is the localization of group rings. Let 
&:l+A--+r+G-+l 
be an extension of G with A torsion free (and, as usual, abelian). Conjugation in 
r defines an action of G on A (trivial in the central case) and the extension 
determines a class Q! E H2( G, A). If k is a field and K = k(A), the field of 
fractions of the group ring kA, then G acts on K via its action on A and the 
inclusion inc : A 4 K * , which by the definition of the action of G on K is G-linear, 
induces a cohomology class inc * (a) E H2( G, K”). By abuse of notation we drop 
the inc * and call this class a, too. Now let S = kA - (0) C kI’. In [6] it is shown 
that the localization S-lkr exists (but this is no problem in the central case). 
Proposition 2.1. With the above notation, S-lkris isomorphic as a ring (and even 
as a KG algebra, where KG is the jixed field) with KBG. II 
It will be useful, notationally, to describe an isomorphism. Choose representa- 
tives u, (a E G) for the elements of G in F’. This determines a cocycle f (with 
values in A). Use this f to construct KPG. Then map S-‘kr to KY G by sending 
S -‘kA to K (by the ‘identity’) and u, to u,. 
If H is a subgroup of G and t’ = t 1 H, cy ’ = resE(a), there is a natural way to 
view KT’H as a subring of KFG and by [l, Proposition 4.11 we have 
306 S. Rosset 
Proposition 2.2. gl.dim(KF’H) I gl.dim(KyG), if both are finite. Cl 
As an example suppose 
G:l--+A+I-‘-+G-+l 
is an extension and H a subgroup of G over which the extension splits. Then 
resE(cr) = 0. If rH is the inverse image of H, then the proposition says 
gl.dim(S-lkT,) 5 gl.dim(S-‘kJ’) . 
Now we identify S-‘kI”, as above, with K,H. In [l, 4.61 it is shown that 
gl.dim(K,H) = cd,H. Thus 
Proposition 2.3. If 1 * A+ r-+ G-, 1 is an extension, then gl.dim(S-lkr) 2 
sup{cd,(H): the extension splits over H). Cl 
We now turn to field extensions. Suppose K&F are fields on which G acts 
compatibly, i.e. the inclusion is a G map. We denote both maps G+-Aut(K), 
G+Aut(F) by t. If (x E H2(G, 
in FrG. In [l, 4.41 we proved 
Proposition 2.4. With the above 
fi nite. Cl 
K*), let p = L * (a). It is clear how KFG imbeds 
notation gl.dim(KyG) 5 gl.dim(FrG), if both are 
As an important example for the above, suppose F = K(x), a field 
functions in the variable x, and 
X. Then 
the action of G on K is extended to act 
of rational 
trivially on 
Problem 2.5. Is it always true in this case that gl.dim(KFG) = gl.dim(FFG)? 
It is because I cannot prove this that the construction of 5 is done over @ and 
not over an arbitrary field k. The result we prove instead is rather more restricted. 
As always round brackets, such as in @(A), denote ‘field of fractions’. 
Proposition 2.6. Let & : l-+ A b r”- G -+,l be a group extension where A is 
torsion free. Let b : 1 + A x B %= r x B -% G -+ 1 where B is a finitely generated 
free abelian group and T’ is defined by ~‘(7, s) = 7~( y). Let K = @(A), F = 
@(A X B), A = KFG (=S-‘Cr with S = @A - (0)) and i = FfG (=S-‘C[A X 
B] with S = @[A X B] - (0)). Then gl.dim(A) = gl.dim(li”). 
Proof. By Proposition 2.2 gldim A 5 gl.dim A. If x1, . . . , x, is a basis of B, we 
identify xi with (1, xi) in r x B. Clearly F = K(x,, . . . , x,) = C(X,, . . . , xJ(A). 
There is an embedding of @(x1, . . . , x,) in C; let its image be E. Then 
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il” = E(A): G and by Proposition 2.2 again 
gl.dim(il”) I gl.dim(G(A)yG) = gl.dim(.A) . 
This completes the proof. Cl 
We can now prove the main result. 
Proof of Theorem 0.1. Let 7~ : F+ G* 1 and T’ : F’* G-+ 1 be two presenta- 
tions of G where F, F’ are finitely generated. Let l* A -+ r-+ G + 1 and 
l-+ A’ -+ r’ -+ G -+ 1 be the associated central extensions and A, A’ the as- 
sociated rings (as in Proposition 2.6). Let F = F* F’ and ii : F+ G the map 
restricting to 7~ on F and to 7r’ on F’. Let l-+ A -+ r+ G + 1 and i be the 
associated central extension and ring. According to Lemma 1.2 and Proposition 
2.6, gl.dim(A) = gl.dim(i) and gl.dim(A’) = gl.dim(ii”), and the proof is 
complete. 0 
We observe that in [l, 3.41 it is proved that gl.dim(KyG) I cd,(G). Since t(G) 
is defined to be gl.dim(S?Y), we see from the above discussion that 
Proposition 2.7. t(G) 5 cd,G. Cl 
(Note that cd,G only depends on the characteristic of K.) 
This shows that 5 vanishes on the class of finite groups. The question now arises 
whether 5 can change upon passage to subgroups of finite index. J. Moody has 
observed that, remarkably, this can happen. 
Example 2.8. (due to Moody). Consider G = (a, b: aba-’ = b-l) = (b) x (u) = 
FIR, and the subgroup H = ( a2, b) = (b) X ( u2) of index 2. Here F is the free 
group on a, b and R its normal subgroup generated normally by ubu-‘b. We have 
r = FI[F, R] = (s, t: [tsts-I, s], [tsts-‘, t]) . 
Let x = tsts, y = t(tsts-‘)-I = tst-‘seltT1 (in r). Under r-+ G, where s maps to a 
and t to b, the elements X, y map to u2, b respectively. We compute the 
commutator of x and y, 
[x, y] = (tsts)(tst_‘s-‘t-‘)(tsts)_’ * (tst-ls-lt-l)-l 
= ts(tst)s(tst)-‘s-lt-‘(s-‘t-‘ts)ts-’t-l . 
From [ tsts-‘, S] = 1 we see that s commutes with tst, so 
[x7 Yl = ts . s . s-Q-l . tpp = 1 . 
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Thus, by sending a2 to x and b to y, we see that r+ G splits over H, so H E S(G) 
and t(G) L cd(H) = 2. As cd(G) = 2, we see that e(G) = 2. On the other hand 
t(H) = 1 by Proposition 0.4. 
3. Products of free groups 
We shall use the following easily checked 
Lemma 3.1 (Identity). x[y, z]x-’ = (xy)z(~y)-’ . z-l. ZXZ%-~ = [xy, z][z, x]. Cl 
This can also be rewritten as 
by, 4 = cx, [Y, Zll[Y, -ax, 4. 
Now suppose F1, F2 are finitely generated non-commutative free groups. Let 
G = F1 X F2 and F = F1 * F2 (their ‘sum’). An obvious presentation for G is 
(*I l-+R-+F,*F~-+FI x F,-+l 
and one knows [8, p.61 that R is the free group on the commutators [y, z], 
yEF,-{l}, zEF,-(1). N ow let A = RI[F, R], r= FI[F, R], so that 
(* *) l-A-l-‘:G+l 
is the associated central extension (and, in fact, A is torsion free). There is an 
obvious splitting of ( * ) over FI (sending x E FI to x E FI * F2) and similarly over 
F2. These induce splittings pl, p2 of ( * * ) over FI , F2 respectively. If X, y E FI , 
z E F,, then, in G, [xy, z] = [y, z] = 1, while in rsince [pi(y), p2(z)] E A, which 
is central, 
[P&)7 [PI(Y), P2wll= 1 * 
By Lemma 3.1 it follows that [&y>, p2(z)] = [Pi@>, ~~(~11~ [PI(Y), p&)1 - 
Fixing z we see that x H [p&), p,(z)] is a homomorphism of FI into the 
commutative group A. It is, therefore, trivial on [FI , FI]. It follows that the 
subgroups PIWL Fd and P2F2) commute elementwise and r contains a sub- 
group, their product, which is mapped by 7~ isomorphically onto [F1, FJ x F2. In 
other words, ( * * ) splits over [F,, FI] x F2. Since [F,, FI] x Fz and FI X F2 have 
cohomological dimension 2 (see [7, p. 871)) we see by Propositions 2.3 and 2.4 that 
we proved the case n = 2 of the following proposition: 
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Proposition 3.2. If FI, . . . , F, are free groups, then every central extension 
of Fl x s. - x F, splits over [F,, FJ x .. - X [Fn_l, F,_,] X F,. In particular 
if the Fi’s are finitely generated and non-commutative, then @I~~, Fi) = n 
(=cd(II~__, Fi)). Cl 
The proof of this fact is a straightforward extension of the argument above. But 
note that we gave an explicit splitting of ( * * ) over Fl whereas in the proof of 
Proposition 3.2 one can only argue (since the extension is not given) that such a 
splitting exists because F1 is free. 
A class of groups which is closely related to the class of free groups (and 
includes it) is the class of l-relator groups. For example Z X Z is a l-relator 
group. We know that for a l-relator group G, r(G) can be either 1 or 2 (unless G 
is finite). That both possibilities can occur was observed by several people: 
((Z x Z) = 1; while if G = Z X Z, where the action of the second factor on the first 
is non-trivial, then t(G) = 2, as shown above (Example 2.8). 
4. Free abelian groups 
Let G be a free abelian group on n generators. We shall prove 
Theorem 4.1. t(G) = 1. 
The result is trivial if n = 1 and is known if n = 2 [9]. We follow Roos’ proof [5] 
that the Weyl algebra A,, has global dimension n; but the non-commutativity here 
is more pronounced making the present proof more difficult. 
Since for a Noetherian ring the global dimension (defined by the vanishing of 
Ext’s) equals the weak (or Tor) global dimension (defined by flat resolutions and 
the vanishing of Tor’s) and since all rings in this section are Noetherian, we work 
with Tor functors. 
Before embarking on the proof we recall two constructions. 
(1) If P is a ring, a ‘twisted Laurent extension’ of P is a ring PU[x, x-‘1 where x 
is a variable, u an automorphism of P and for a E P, xa = u(a)x. It is clear that if 
P is a Noetherian domain, so is P, [x, x- ‘I. For the applications below we note 
that if a group H is a semi-direct product H’ XI Z, then the group ring kH is a 
twisted Laurent extension of P = kH’. 
(2) If P is a ring and W a multiplicatively closed subset consisting of non-zero- 
divisors, then the (left) localization W-‘P is a ring containing P such that the 
elements of W are invertible in it and every element in it can be written as a-lb 
for some a E W, b f P (see [2]). Necessary and sufficient for W -‘P to exist are 
the so-called &-e conditions. If they hold and A4 is a P module, then also W -lM 
can be defined and, as for commutative localizations, there is a natural isomorph- 
ism of W-‘P modules W-‘P@, MG W-lM. It follows that if an element m E M 
is such that 18 m = 0 in W-lP@, M, then there is a w E W such that wm = 0. 
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Note also that W-lP is a flat right module and since left and right localizations are 
equal (when both exist) it is left flat too. 
Returning now to our free abelian G let rl, . . . , rn be a basis for G and let F be 
a free group on n generators a,, . . . , a,. F maps onto G by a morphism sending 
a, to TV. The kernel of this is R = [F, F], generated normally by the commutators 
[ai,aj], lsi<j- < n. It is well known that A = R/ [ F, R] is a free abelian group 
with the residue classes [a,, aj] as basis. (In fact RI[F, R] = H2(G, Z).) Let 
r = FI[F, R]. One can think of the extension 
(9 l+A+r+G-+l 
as the ‘most general’ central extension of G in the following sense. Let 6,) . . . , 6, 
be a basis of G andf:G x G + A2(G) the bilinear map satisfying f(S,, lSj) = 6, A 
aj if i I j and =0 if i > j. Then f is a cocycle and the central extension of G by 
A”(G) with cocycle f is isomorphic to ( * ), i.e. there is an isomorphism 
A -+ A2(G) which takes the cohomology class of ( *) to the class of F. 
We denote ai by ui and the commutator [ui, ui] by b, (it is the ‘bond’ of i and 
j). Let S = @A - (0) C @r and B = S-lU. It is isomorphic to K*G where 
K = C(A) = S-‘CA and LY comes from (*) (or, equivalently, IX = [f]), 
We will need later the following well known 
Lemma 4.2. B is a simple ring. 
Proof. Let I # (0) be a 2-sided ideal. We are to prove I = (1). Every element of 
B is, uniquely, a finite sum of ‘monomials’ u(‘) = u? . . . ub with non-zero 
coefficients from K. Call Z( ?? ) the number of such summands and let 0 # g E I with 
I( g) minimal. Modifying g, if necessary, we can assume 1 appears in it, i.e. 
g = 1 + (other monomials). If g = 1, fine. If not, we get a contradiction by showing 
it is not minimal as follows. Say z.$ . . . , ui appears in g with i, # 0. Then one 
sees that, since b, are multiplicatively independent, g - ui1gu2 # 0 and is shorter 
than g (the 1 has fallen). This completes the proof. 0 
LetGi={T1 ,..., Tn_i),i=O ,..., nsothatG,=G ,..., G,={l},andG,= 
Gi+1 X (TV_;). Let c = rr-‘(Gi). It is an extension 
l+A-+++-+l 
where A is A2(Gi) plus some ‘irrelevant’ copies of Z corresponding to com- 
mutators involving U,_j with j < i. By Proposition 2.6, gl.dim(SV1@q) = [(Gi). 
We also note that a similar proof to that of Lemma 4.2 shows that S-‘(lZc is a 
simple ring for i = 1, . . . , n. 
We will prove the following theorem, which includes Theorem 4.1. 
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The elements of Sj do not divide zero in W; 
The localization ST 1 @I’ exists; 
For j 2 2, if M is a module over Si’@l;_, which is finite dimensional over 
the division ring ST’CT, then M = (0); 
gl.dim(Syl@r) = 1 for j = 1. . . . , n. 
Proof. (i) Since @r is constructed from CA by successive twisted Laurent 
extensions, it is a domain. Thus (i) is clear. 
(ii) We note first that for each j the ring cq has a total ring of fractions, UZ(l;), 
which is a skew field. This can be proved directly (e.g. by induction: start with 
CA and work ‘up’) or by referring to Goldie’s theorem (cf. [2]). Now let 1 < j. 
We show that if Sy’@q exists, then Sl’@q_, exists. Starting with 1= j and going 
down to I = 0 will prove (ii). Now the group JJ_ 1 (supposing I > 0) is a semi-direct 
product Tr xl Z. Conjugation by a generator of the Z factor gives an automophism, 
(r, of c. This automorphism can be extended to an automorphism of @_& and, 
since Si is preserved by it, also to the localization P = ST1 Cq. The twisted 
Laurent extension Pg[x, x-‘1 contains Cc_, , the elements of Si are invertible in it 
and clearly every element in it has the form s-lr where s E S, r E Cc_, . This 
proves (ii). 
(iii) It would suffice to treat the case j = 2, since this is the most difficult case 
and the others can be reduced to it. Thus we have a skew field E = S, ‘U-J! and a 
ring Y = S;‘UZr = E[uzll, uz’] where u,_ 1, u, act on E by conjugation and 
lA 4 n-l = EU,U,_l where E (=bn_l,n) is in the center of E. Suppose M is a 
Y-module (on which 1 acts as the identity), finite dimensional over E. We must 
prove that M = 0. If E is central in Y (which holds iff rank(G) 5 2), this is easy 
and done as follows. Multiplication by elements of Y defines E-linear endomorph- 
isms of M and, hence, a ring homomorphism Y * End,(M). This ring map 
cannot be injective since End,(M) is finite dimensional over E and Y is not. As Y 
is a simple ring, this map must be 0 which implies that M = 0. Now assume n > 2 
and the result proved for a smaller number of ‘variables’, i.e. for G of rank less 
than n. We shall ‘specialize’ one of the variables, say ul, thereby reducing n to 
n - 1. But this will require some effort. Recall that E is given as follows. First 
there is the field K = C(bij), 15 i <j 5 n, bii = b,i’. Then E = K(u,, . . . , u,_~) 
where u~u~u_~u~’ = b,. Let e,, . . . , e, be a basis for M over the skew field E. For 
i=l , * * - , Y there exist pii E E such that 
U ._,ei = i pij - ej . 
j=l 
Similarly u,!,ei is expressible as C pijej and u,,e, = C qijej, u,‘ei = C gijei* Each 
pii, pii, qij, 4i, is a rational function of the form fii 1 gij where 6,. , gij lie in the ring 
appearing in pii, P,i, 4ii or 
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generated over K by UC’, . . . , ut!, . Each denominator 
qij is a polynomial of type 
(*) C cflM, (finite sum) 
where M, is a monomial UT* . . . z&;* in ucl, . . . , u,‘.k, (if n 5 3, these M, equal 
1) and C, E IQ,, u;']. We observe that if an expression of type (*) is conju- 
g&d by some uj, it is transformed into a similar expression with the following 
changes: 
(CI) cU gets multiplied by a monomial in the b,‘s and 
(CII) c, itself gets changed as follows. If c, was equal to c c,,~uQ (c,,~ E K), 
then it gets changed to c c&& where each c& differs from c,,~ by some power 
of b,,. 
This will now be used. 
Claim. There exists an integer m satisfying the following. Let w be an mth root of 
b,,. Then for some choice of mth roots of unity (not necessarily primitive) of 
order m &, . . . , 5, the substitution 
is permissible and not 0 for all c, of type (* ) ( i.e. appearing in denominators of 
some pij, jiij, qii or 4ii) and their conjugates by ul, . . . , u,. 
Proof. Each c, is a polynomial in K[u,, u;‘] and thus a finite sum cPcol,pu~ 
where c, B , E K. Let C be the product of all these c,,~ which appear in pii’s, pij’s, 
9ij’S or Sii’S. It is a rational function in the variables b, and as such there certainly 
exist roots of unity &, . . . , 5, such that plugging cj for bi,i (j = 2, . . . , n) is 
allowed and gives a non-zero result. Now choose m large enough so that the Jj are 
all mth roots of 1 and the expressions c, ( &, . . . , 5;2, b,, , . . . , b,_l,, , w> are all 
non-zero. By the remark before the claim also the conjugates of the c,‘s will not 
vanish. ??
Let F be the field generated over @ by the variables b, where 2 I i < j 5 n and 
let Q, be the ring generated over F by the denominators fly’ (appearing in the 
elements pij, Pi,, 4ij, qi) and their conjugates by the uj’s, and by the variables b;,: 
(j = 2, . . . , n) and uF1, . . . , u,“,. Let @ ’ be the ring generated by Q, and ~f’~, 
‘-1 
% * 
We will need a certain intermediate crossed product with non-trivial (but not 
faithful) action. Let L = F(w); the free abelian group G’ generated by 
21 
u2 ? - * * > u, *l acts on L by acting trivially on F and by the formula 
uiwLl;l = &w . 
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Let t denote this action. Then Lr G' is the ring generated over L by UC’, . . . , uzl 
(i.e. by G’) and p signifies that 
UiUiU;'Ui -’ = b, E F* 
if 25 i, j 5 n. We denote the total ring of fractions of LfG’ by Lf(G’). Of 
course this is a skew field. Let fi’ be the elements (in Lf3( G’)) obtained by 
substituting w for u1 and ~j for bi,j (j = 2, . . . , n) in the f’y’ mentioned above. Let 
!P’ be the subring of L f (G’) generated, over L, by ut ‘, . . . , u,” and the 7’;’ and 
their conjugates by the Uj'S. 
There is a surjection @‘-+ ‘P’, over F, sending u1 to W, uj to Uj and b,,j to cj for 
j=2,..., n. It is not hard to see that the images of the c,‘s are well defined by 
these assumptions. The image of CD under this map, called ?P, is the subring of 9 
generated over L by ut’, . . . , uzJ2. 
Let X be the Q-module generated by e,, . . . , e,. It is a free @-module of rank 
Y. Also ut! 1 and u,” act on X by the formulas 
U ‘l-l c aiei = c U,_l * aiLl,! ( 1 c i i j Pijej 7 
Ufl c aiei = c u,aiuil . c i i j 4ijej * 




n-l c aiei = c -1 ‘n-laiun-l ( ) c i i i Fijej 7 
-1 
U’l c a,e, = c u,la,u, ( 1 c i s,iej i i 
define an action of the ring @’ on X. Now let 
X=@@,X. 
It is clear that X is a P-module that is finitely generated and free of rank Y. Also 
P’ acts on X in the same way @’ acts on X, i.e. by similar formulas. We now 
invert the non-zero elements of 9. This transforms !P into a division ring A and 
!P’ into a ring A’ generated over A by the two variables u,_ 1 and u,. 2 is changed 
into A C~J~ X, a A-space of dimension r which is also a A’-module. But A’ is a ring 
much like Y above, only with one variable less, i.e. u1 has disappeared. More 
precisely A’ contains a subring, Y’, which is like Y with u1 thrown out and A’ is a 
free Y-module (of rank dim&). Y’ is defined as follows. Let FPG’ be the subring 
of Lf G' generated over F by the variables ufl, . , . , u,“. Y’ is obtained by 
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inverting the non-zero elements of FP [ utl, . . . , tx,‘!,] C F’G’. Denote the divi- 
sion ring of fractions of FP [u: ‘, . . . , u:!~] by A,. Then, by our inductive 
assumption, Y-modules that are finite dimensional over A, are 0. But A QD,z is 
just that: its dimension over A, is Y - dim,(L). Thus r must be zero. This implies 
that M was zero in the first place, proving (iii). 
(iv) We note first that S;lCr is a twisted Laurent extension of the skew field 
S 1’ Crl. Thus for j = 1, (iv) is well known (say by [3, lemma 231). Now let j > 1 
(but j 5 n) and assume that result for j - 1. We can view A = ST’@r as a twisted 
Laurent extension of SL1 Cr’ . Since r, lq is a free abelian group of rank j - 1, the 
inductive hypothesis (and Proposition 2.6) gives us that S,‘Cr, has global 
dimension I 1. Thus, by [3] again, gl.dim(SJ’CT) 5 2. This will be useful below. 
Denote the skew field C(c) = Sl’Cq by D (j is fixed for the rest of this 
proof). Let U = Sy’Cq_,. It is generated over D by U,_j+l = u and u,_~+~ = v 
and their inverses. We claim that U is a simple ring. Now U is a localization of 
S-‘Cq_2 and 1 1’ t a oca iza ion of a simple ring is clearly simple. Thus U is simple if 
S-l @q_, is simple. The proof that S-‘Cl;_, is simple is identical to the proof of 
Lemma 4.2. 
Let D, (resp. D2) be the ring generated over D by u and u-l (resp. by v and 
v-l). Let W; = Di - {O}, i = 1,2. The localizations Ai = WZy’ A exist (recall A = 
s,‘Cr>. In fact W;‘A is just s,T?,QX’. By the induction hypothesis, A,, A, both 
have global dimension 1. Let M be a A-module. To prove (iv) it will suffice to 
show that the Tor dimension of M 5 1. The map 
p:M-+A,@,M$A,@,M 
defined by m I--+ (1 @m, 18 m) is A-linear. 
Claim. p is injective. 
Proof. Let ,u(m) = 0. As 1 @m = 0 in A, 63, M, there is a w E W such that 
wm = 0. Now w is a Laurent polynomial in u with coefficients in the skew field D. 
Multiplying by a suitable element uue (if necessary) we can assume w = a, + 
a,u+.. - + un where ai E D, n 2 0 and a, # 0. Let V= D,m; it is finite dimen- 
sional over D. Indeed let V’ = Dm + Dum + - e - + Du”-lm, then, as wm = 0, we 
see that unm E V’, hence un+’ . m E V ’ and so on. Dividing by u, we see similarly 
that u-‘rn E V’ etc., so V= V’. Since ker( p) is a submodule of M, each u’m (r an 
integer) satisfies 10 u’m = 0 in A, gn M. As above the vector spaces (over D) 
D&m are finite dimensional and since in U every element is expressible as a sum 
(with D coefficients) of monomials vi1ui2, we see that Urn is finite dimensional 
over D. By (iii) above, Urn = 0 so m = 0 and p is injective. ??
As a result we have an exact sequence (of A-modules) 
O--+M--+A,@,MCBA,@,M+Q-+O. 
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Since A, is (left and right) flat over A, a flat AI-module is flat over A. Thus a flat 
resolution over A, is also a resolution over A. As gl.dim(A,) = 1, A, @On M has a 
flat resolution of length 1 over A,, - so its Tor dimension over A is 51. The same 
applies, of course, to A2 Bn M. The piece of the Tor’s long exact sequence around 
To&*, M) is 
To&*, Q)--+Tort(*, M)+Tort(*, A,@, M) +Tor.(*, AZ& M) 
=O. 
But Tort(*, Q) = 0 since we observed above that gl.dim(A) 52. So 
Torf (*, M) = 0 and the Tor dimension of M 5 1. This completes the proof. ??
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